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THE PROFITABLE BANDIT PROBLEM
At each time t =1, ...,71"

e choose arms A; C {1,..., K}

e observe rewards X, .¢ ~ 1, foralla € Ay, c € {1,...,C4(1)}

x* Objective: maximize S = E [Zle D acA, Zf:“y) (Xt — Ta)]

+ Optimal choice: A* ={ae€{1,..., K}, A, >0} with Ay, = g — 74 and p, = E[ X, 11].
x Fquivalently, minimize the expected regret:

Rr =Y AuCa(T) = Sr =Y A (CalT) —ENa(D)]) + > |A|E[N(T)),

acA* acA* a,géA*

where C,(T) = E[>.,_, Co(t)] and No(T) =, , Co(t)I{a € A;}.

LOWER BOUND

Theorem 1. If the v,’s belong to an one-dimensional exponential family, for all uniformly effictent strate-
gies, for all non-profitable arms a such that p, < 7,,

[N, (T)] - 1
logT = d(pe,Ta)’

lim inf
T'— o0

with d the KL-divergence of the family parametrized by the mean: d(pq, ptar) = KL(Vg, Vyr).
*x Consequence:

A,
Rr > E log T.
o ¢ A d(fta; Ta) oo

INDEX POLICIES

An index policy is fully characterized by the choice of index u, ().

Generic index policy

Require: time horizon T', thresholds (74)ae1,... K} -
. Pull all arms: A; ={1,..., K}.
. fort=1to1"—1do
Compute u,(t) for all arms a € {1,..., K}.
Choose Ay < {ae{l,... . K}, u.(t) > 14}
end for
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We consider the three following index policies.
e kI-UCB-4P: u,(t) = sup {q > [1q(t) : No(t)d(fia(t),q) <logt+ cloglog t}.

e Bayes-UCB-4P: u,(t) = Q(1—1/(t(logt)¢); A\!~1), with AX!~1 the post. distrib. on u, after round ¢ — 1.

e Thompson-Sampling-4P: u,(t) = u(f,), where 0,; ~ 7t~ with 7.~ the post. distrib. on 6, after
round ¢t — 1.
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UPPER BOUND
Theorem 2. For kI-UCB-4P, Bayes-UCB-4P and TS-4P:
ey A
Ry < = log T’ log log T’
o a%ZA* Ca d(:uaa’ra) 8L 0( 508 )7

where ¢, and ¢ are constants such that for allt > 1: ¢, < C,(t) < .

+ Conclusion: the three algorithms are asymptotically optimal when C,(1) =--- = C,(T) for all a ¢ A*.

NUMERICAL EXPERIMENTS

+ Bernoulli scenario (left figure). Problem parameters: T' = 10*, K =5, C,(t) — 1 ~ Poisson(a + 1),
(tta,72): (0.1,0.2), (0.3,0.2), (0.5,0.4), (0.5,0.6), (0.7,0.8).

+ Exponential scenario (right figure). Same parameters except for the u,’s and 7,’s.
(tha,Ta): (1,1.1), (2,1.9), (3,3.1), (4,3.9), (5,5.1).
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x Interpretation: the best performing policies are those adapting to the parametric family of the re-
ward distributions: through the Kullback-Leibler divergence for kl-UCB-4P or through prior distributions
for Bayes-UCB-4P and TS-4P.
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